M agnetic monopoles occur naturally in grand unified theories as solutions to the classical equations of motion. The occurrence of these objects, some of their properties, and the relation of their existence to charge quantization are reviewed.
Introduction
It is an intriguing aspect of grand unified theories that their conventional structure is just such that they possess classical particle-like solutions with the interpretation of magnetic monopoles ('t Hooft 1974; Polyakov 1974). (For more detailed reviews o f monopoles in gauge theories see, for example, Coleman (1975a) or Goddard & Olive (1978) ). However, these monopoles were no part of the * design specification ' of the theories. Indeed they are somewhat of an embarrassment. It seems they would have been produced so copiously in the early Universe that they entail serious difficulties for our understanding of nucleosynthesis and the expansion o f the Universe (Preskill 1979 M agnetic monopole solutions seem to fit into grand unified theories like a piece o f a jigsaw. Although, in the absence of any observation of a monopole, they might seem to be an inconvenience, they are intimately related to one of the frequently cited motivations for unification, namely to provide an explanation for electric charge quantization. Fifty years ago, Dirac (1931) pointed out that to obtain a consistent quantum mechanics for an electrically charged particle in the field of a magnetic monopole, the electric charge would have to be an integral multiple o f a constant inversely proportional to the magnetic charge. The electrical charges of the quanta o f fields in a gauge theory, possessing magnetic monopole solutions, satisfy this Dirac quantization condition (or the appropriate generalization) relative to the magnetic charges Corrigan & Olive 1976) . Obviously, if this had not been so, it would have established a prima facie case that the quantum field theory would be inconsistent. Still, it seems to me to be a reflexion of some deep structure that it does work. It is one aspect of the puzzle that this part of it fits together.
T opology and monopoles
Some years a g o 't Hooft (1974) and Polyakov (1974) pointed out that certain spontaneously broken gauge theories possess static finite-energy solutions carrying non-zero magnetic charge. The Poincare invariance of the theory means that such a lump of energy can be translated or made to move with any subluminal velocity. Thus it can be thought of as a sort o f extended particle. (Such solutions are loosely referred to as solitons, though this does not imply they possess the remarkable and extreme scattering properties sometimes associated with this term.) Being finite rather than point particles, these objects have classically calculable masses, charges and other attributes.
Soli ton-like solutions are possessed by all gauge theories based on an original symmetry group G ,which is simple or, at least, semi-simple, spontaneously broken by a Higgs mechanism to an ' exact' residual symmetry group Hh aving a local U (l) factor. I with the electromagnetic gauge group, the solutions carry magnetic charge. The prototype considered b y 't Hooft and by Polyakov comprised an S U (2) gauge field interacting with a Higgs field < pt ransforming under the triplet representation. Such a theory is described by a Lagrangian of the form L --\G%Ga(a> + 0 -A renormalizable S U (2)-symmetric potential giving rise to spontaneous symmetry-breaking has the form F(0) = iA (0 2-c t2)2, A > 0.
[Here 0 , 0 = 6/t 0 -A f t G[lv = 8^-8 , Clearly for finite energy \ < } ) \ -> a as it had been generally assumed that the direction of could be standardized at infinity,
< f> a(x ,t) ->
aSa3, as as well as its length, for the freedom to perform local gauge transformations means that in any region of space we can choose a gauge in which the Higgs field is in the third direction. The problem with this argument is that while it is true locally, problems can arise when one tries to make such an alignment smoothly over a closed surface. The reason is essentially topological (Arafune et al. 1975 ). Let us consider this point in more detail. At a given time and for each fixed value of r, the direction of <p will vary smoothly over the (two-dimensional) sphere = r2, unless its direction is ambiguous because < f>vanishes on the sphere. As at in for suitably large spheres. The difficulty is that it is not always possible to rotate this direction into a fixed direction in such a way that the rotation varies continuously over the sphere. A simple example of when this is impossible is that of < j )radial at every have implicitly identified directions in the internal space and real space arbitrarily. Different ways of doing this differ by constant overall gauge rotations, which are not significant.) One cannot find a rotation Re SO (3) that is a continuous function of the unit vecto over all the unit sphere S2i n three-dimensional space, such that AE(») x (4) z being the fixed unit vector pointing in the third direction. For each fixed ra nd t,the direction of (f>{rx, t) provides a unit on x e S2 that defines a map S2 -> S'2. As we vary Maps that can be continuously distorted into one another are said to be . Once is sufficiently large to have got past all the zeros of this map is homotopic to its asymptotic form &o(*) -lim (5 ) (The ^-dependence is suppressed for notational simplicity.) It is fairly clear that homotopy is an equivalence relation, so that maps can be divided into mutually exclusive classes consisting of those that are mutually homotopic. In general labelling the equivalence classes (homotopy classes) and classifying maps into them are a classical topological problem. In our simple case o f maps S2-> S2 it is not difficult. To any such m ap^(£) we can attach an integer or ' winding num ber', the number of tim e/^#) covers the unit sphere as covers it once. This number clearly varies continuously if we continuously deform so, being integral, it remains constant. Thus the winding number is the same for ho mo topic maps. In fact the converse also holds and two maps S2 -> S 2a re homotopic if and only if they have the same winding number. This winding number is a conserved gauge invariant quantity, f Being integral it is quantized and so it may be thought o f as a 'quantum num ber' o f the soliton, although we are still discussing the classical theory.
W hat has it to do with magnetic charge ? To answer this we consider how electromagnetism would be embedded in this SU (2) gauge theory. The electromagnetic gauge group is an exact U (l) gauge group. After the symmetry-breaking resulting from the non-zero value o f 0 in the vacuum, the residual gauge symmetry group is that o f rotations about the direction o f 0 which is isomorphic to U ( l) . I f we could choose 0 to have a fixed direction, say, we could identify electromagnetism with the third component of the gauge field. More generally, in the background o f a field configuration for which this is not possible, we would identify it with the component o f G in the direction o f 0 . When 0 is in a vacuum configuration, which it is at large distance, so that
we would expect to regain conventional electro-dynamics. Indeed if we define the electro magnetic field tensor by F^ = it satisfies M axw ell's equations, including V • B -0, where equat
Equation (8) Equation (9) shows that the topological quantum number and the magnetic charge are, up to a constant coefficient, g -4tt/^, identical. As a result of its topological origin, magnetic charg quantized at the classical level and conserved independently of the dynamics (equations o f motion), merely on the assumption that the fields evolve continuously in time.
The possible magnetic charges g4n n/ electric charges q -\n 'eh, possessed by the quanta of fields that could be coupled into the theory, t Conservation depends on the fact that 0 evolves continuously in time, while gauge invariance is a result o f the fact that any gauge transformation R(x) on the unit sphere defines a map -> 8 0 ( 3 ) that be continuously deformed to a constant, for exam ple R = 1; all maps satisfy the condition that qg/toch is integral. This is the condition that Dirac ( 
The theories we are considering will, in general, contain a number of Higgs fields transforming according to different irreducible representations o f all o f which are asymp totically covariantly constant: D ^ -0, 0, .... As in the prototype o f 't Hooft and Polyakov, it may not be possible to take all or any of the Higgs fields to be asymptotically con stant. They spontaneously break G down to their little group = g<fi -<f>,gi/r -^r,
If this
Hh as a U (1) subgroup that is a factor, at least locally, we can deduce from equation (15) In this model all the topological structure is associated with the ^-field. The breaking it causes introduces the U (l) factor with which the magnetic quantum numbers are associated; it is not difficult to see that, as far as its topological properties are concerned, the asymptotic map defined by the Higgs field might as well be projected on its value alone. We shall consider this model in more detail in the next section. 
